Abstract: Bounded integral residuated lattices form a large class of algebras containing some classes of algebras behind many valued and fuzzy logics. In the paper we introduce and investigate multiplicative interior and additive closure operators (mi-and ac-operators) generalizing topological interior and closure operators on such algebras. We describe connections between mi-and ac-operators, and for residuated lattices with Glivenko property we give connections between operators on them and on the residuated lattices of their regular elements. 
Introduction
Bounded integral residuated lattices form a large class of algebras containing some classes of algebras behind manyvalued and fuzzy logics, such as pseudo MV-algebras [12] (or equivalently GMV-algebras [16] ), pseudo BL-algebras [15] , pseudo MTL-algebras [10] and R -monoids [8] , and consequently the classes of their commutative cases, i.e. MValgebras [2] , BL-algebras [13] , MTL-algebras [9] and commutative R -monoids [7] . Moreover, Heyting algebras [1] which are algebras of the intuitionistic logic can be also considered as residuated lattices.
Topological Boolean algebras, i.e. closure or interior algebras [22] , are generalizations of topological spaces defined by means of topological closure and interior operators. In [20] closure and interior MV-algebras as generalizations of topological Boolean algebras were introduced by means of so-called additive closure and multiplicative interior operators. It is known that every MV-algebra M contains the greatest Boolean subalgebra B(M) of all complemented elements. By [20] , the restriction of any additive closure operator on M onto B(M) is a topological closure operator on B(M). Moreover, if M is a complete MV-algebra, then every topological closure operator on B(M) can be extended to an additive closure operator on M. Since the addition and multiplication of MV-algebras are mutually dual operations, analogous properties are also true for multiplicative interior operators on M and B(M).
The notions of additive closure and multiplicative interior operators (ac-and mi-operators, for short) were generalized in [21] to commutative residuated -monoids (= commutative R -monoids), i.e. commutative bounded integral residuated lattices satisfying divisibility [11, 14] . But the dual operation to multiplication in such residuated lattices does not exist in general. Hence, connections between mi-and ac-operators are more complicated than those in the case of MV-algebras. Note that mi-and ac-operators on bounded residuated lattice ordered monoids were studied in [23] .
In the paper we introduce and investigate analogous operators on arbitrary bounded integral residuated lattices. We describe connections between mi-operators and ac-operators in this general setting. Moreover, we generalize the notions of mi-and ac-operators to so-called weak mi-operators and strong ac-operators and show that there is an antitone Galois connection between them. Furthermore, we describe, for residuated lattices with Glivenko property, connections between mi-and ac-operators on them and on the residuated lattices of their regular elements.
Preliminaries
A bounded integral residuated lattice is an algebra M = (M; ∨ ∧ → 0 1) of type (2 2 2 2 2 0 0) satisfying the following conditions:
In what follows, by a residuated lattice we will mean a bounded integral residuated lattice. If the operation on a residuated lattice M is commutative then M is called a commutative residuated lattice. In such a case the operations → and coincide. In a residuated lattice M we define two unary operations (negations) " − " and " ∼ " on M as follows:
Recall that the mentioned algebras of many-valued and fuzzy logics are characterized in the class of residuated lattices as follows: A residuated lattice M is
• a pseudo MTL-algebra if M satisfies the identities of pre-linearity:
• an R -monoid if M satisfies the identities of divisibility
• a pseudo BL-algebra if M satisfies both (iv) and (v);
• involutive if M satisfies the identities
• a GMV-algebra (or equivalently a pseudo MV-algebra) if M satisfies (iv), (v) and (vi);
• a Heyting algebra if the operations " " and " ∧ " coincide.
A residuated lattice M is called good, if M satisfies the identity −∼ = ∼− . For example, every commutative residuated lattice, every GMV-algebra and every pseudo BL-algebra which is a subdirect product of linearly ordered pseudo BL-algebras [5] is good. By [4] , every good residuated lattice satisfies the identity (
If M is good, we define the binary operation " ⊕ " on M as follows:
In the next proposition we recall some basic properties of residuated lattices.
Proposition 2.1 ([4, 11, 14]).
Let M be a residuated lattice. Then for any ∈ M we have:
Moreover, if M is good, then
A residuated lattice M is called normal if it satisfies the identities ( )
∼− . For example, every Heyting algebra and every good pseudo BL-algebra is normal [6, 19] .
Proposition 2.2 ([17]).

Let M be a good and normal residuated lattice. Then for any
∈ M (i) ( ⊕ ) − = − − and ( ⊕ ) ∼ = ∼ ∼ , (ii) − ⊕ − = ( ) − and ∼ ⊕ ∼ = ( ) ∼ .
Connections between interior and closure operators
Definition 3.1.
Remark 3.2.
If M is an R -monoid, i.e. a residuated lattice satisfying ( → ) = ∧ = ( ) for any ∈ M, then it can be shown [21] that the property 5. from the definition follows from properties 1.-4.
Example 3.3.
1}. We define the operations and → on M 1 as follows: 
Lemma 3.4.
Let be an mi-operator on a residuated lattice M. Then for any ∈ M,
By Proposition 2.1 we have ( ) ≤ , and by monotony of we have ( ) (
Let : M → M be a mapping, and consider two new mappings
Proposition 3.5.
If : M → M is a monotone mapping on a residuated lattice M, then both mappings
Proposition 3.6.
Let : M → M be an mi-operator on a residuated lattice M. Then for any ∈ M we have:
Remark 3.7.
It can be readily shown that analogous properties hold for the operator
Definition 3.8.
Let M be a good residuated lattice. A mapping : M → M is called an additive closure operator (ac-operator) on M if for any ∈ M,
Theorem 3.9. Proof. By Propositions 3.5 and 3.6, we need only to verify the identity 1. from the definition of an ac-operator. Let
If M is a good normal residuated lattice and is an mi-operator on M, then the mappings
∈ M. Then ∼ − ( ⊕ ) = ( (( ⊕ ) − )) ∼ = ( ( − − )) ∼ = ( ( − ) ( − )) ∼ = ( ( − )) ∼ ⊕ ( ( − )) ∼ = ∼ − ( ) ⊕ ∼ − ( ) Lemma 3.10.
If M is a good normal residuated lattice and is an ac-operator on M then satisfies the identity (
Indeed, we have ( 
Proof. Let
∈ M. Then we have for
5. Similarly as in Proposition 3.5.
Analogously for the mapping − ∼ .
Remark 3.12.
If is an ac-operator on a good normal residuated lattice M, then −∼ need not be an mi-operator, i.e. condition 2. from Definition 3.1 need not be satisfied on M as we can see in the following example of a commutative residuated lattice. Then we can easily verify that is an ac-operator on M 2 . However, the inequality − ( ) ≤ does not hold for all ∈ M 2 , since, for instance,
Definition 3.14. 
Remark 3.16.
We have that if is an mi-operator, then Proof. (i) It suffices to prove condition 2b. If ∈ M then by 2a., (
(ii) Analogously, we will only verify condition 2a. 
Proof. We prove (i). Let ∈ wmi(M), ∈ sac(M) and ≤ β
for any ∈ M, and thus ≤ β 2 ( ). The proof of (ii) is analogous.
The following theorem is now an immediate consequence.
Theorem 3.19.
Let M be a good normal residuated lattice. 
Operators on residuated lattices with Glivenko property
Lemma 4.1.
Let M be a residuated lattice. For any ∈ M we have
Analogously for the second identity. As a corollary we obtain that if M is a good residuated lattice, then for any
Lemma 4.2.
Let M be a good residuated lattice. Then the following conditions are equivalent:
(ii) (
Proof. (ii) ⇒ (i): Let M satisfy (ii) and
Analogously for the second identity.
Definition 4.3.
We say that a residuated lattice M has the Glivenko property (GP) if M satisfies the equivalent conditions in Lemma 4.2.
Remark 4.4.
Recall that the notion of a residuated lattice with GP in the commutative case (as a residuated lattice satisfying the identity ( → ) −− = → −− ) was introduced and investigated in [3] .
Definition 4.5.
Let M be a residuated lattice. A nonempty set F of M is called a filter of M if the following conditions hold:
(ii) ∈ F and ≤ ∈ M imply ∈ F .
Definition 4.6.
A
Proposition 4.7.
If H ⊆ M, then H is a filter in M if and only if H is a deductive system in M.
Proof. Let H be a filter. Then clearly 1 ∈ H. Now let ∈ H, → ∈ H. Then ( → ) ∈ H, and since ( → ) ≤ ∧ it follows that ∈ H. Conversely, let H be a deductive system and let
) ∈ H and hence ∈ H. Let ∈ H and ∈ M be such that ≤ . Then → = 1 ∈ H, therefore ∈ H.
Now it can be readily shown that H is a filter in M if and only if 1 ∈ H and ∈ H with ∈ H imply ∈ H.
A filter H of M is called normal [18] if → ∈ H iff ∈ H for each ∈ M. Normal filters of any residuated lattice M are in one-to-one correspondence with the congruences on M. If H is a normal filter of M, then H is the kernel of the unique congruence θ H such that 
Proof. Let
An element of a residuated lattice M is called regular if Since M satisfies GP we get for any ∈ Reg(M), Proof. Let be an mi-operator on M and ∈ Reg(M).
Proof. We have ( → )
−∼ = −∼ → −∼ for any ∈ M. Therefore ( −∼ → ) −∼ = −∼ → −∼ = 1 for any ∈ M. Moreover, ( ) ∼− = ( ) −∼ = −∼ −∼ = ∼− −∼ . Hence M satisfies GP.
1.
* ( ) = (
2.
3.
4.
* (1) = (1) −∼ = 1 −∼ = 1.
≤ implies
Similarly for ac-operators on M. Proof. Let be a mi-operator on Reg(M). 
+ ( ) = (( )
−
